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Abstract. We introduce [/-DS^-property (resp. f/DT g -property) in Banach 
lattices as the property that every normalized disjoint sequence has a subse- 
quence with an upper p-estimate (resp. lower g-estimate). In the case of re- 
arrangement invariant spaces, the relationships with Boyd indices of the space 
are studied. Some applications of these properties are given to the high order 
smoothness of Banach lattices, in the sense of the existence of differentiable 
bump functions. 
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1. Introduction 

Recall that, for 1 < p, q < oo, a sequence {xk}^ =1 in a Banach space X is 
said to have an upper p- estimate (respectively, a lower q-estimate) with constant 
C > if for any a\, . . . , a n 6 K. and n G N, 



According to a Banach space X is said to have property S p if every weakly 
null normalized sequence in X has a subsequence with an upper p-estimate. In 
a similar way, X is said to have property T q if every weakly null normalized 
sequence has a subsequence with a lower g-estimate (see [16 ). These properties 
play an important role in the behavior of polynomial maps on the space, as can 
be seen in [ini,[Zl and [TTj and they are also related to high order smoothness of 
the space ( see [TH] and [T7|). 

Here we study a variant of these properties in Banach lattices and, more specif- 
ically, in the class of rearrangement invariant spaces. Note that in the simple case 
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of spaces L p (/j,), where 1 < p < oo, since the space contains an isomorphic copy 
of £2, it verifies property S r just for r < min{p,2}. On the other hand, every 
disjoint normalized sequence is equivalent to the unit vector basis of £ p . This 
remark motivates the study of new properties related to the existence of upper 
or lower estimates for disjoint sequences. For technical reasons we are interested 
in the existence of such estimates in an uniform way. 

For 1 < p, q < 00 we say that a Banach lattice X satisfies the uniform disjoint 
Sp-property, in short UD ^-property, (respectively, uniform disjoint T q -property, 
UDT q - property ) if there exists a constant C > such that every normalized 
disjoint sequence in X satisfies an upper p-estimate (resp. a lower g-estimate) 
with constant C. It is then clear that spaces L p (fi) for 1 < p < 00 verify both 
UDS P and UDT P properties. 

To simplify the notation we introduce the following indices: 

£d(X) — sup{p > 1 : X has UDS P — property} 
u d (X) = mi{q > 1 : X has UDT q - property} 
On the other hand, recall that for 1 < p, q < 00, a Banach lattice X is said to 
have a lattice upper p-estimate (respectively, a lattice lower q-estimate) if there 
is a constant C > such that, for every finite family of disjoint vectors x±, . . . x n 
in X, we have 



(respectively, 



4 i/p 

k=l \k=l 

1 /l n 
K k=l J k=l 



We also define: 

up(X) = sup{p > 1 : X has a lattice upper p-estimate} 
low(X) = inf{g > 1 : Xhas a lattice lower q-estimate}. 
Of course, if X has a lattice upper p-estimate (respectively, a lattice lower 
g-estimate) then X satisfies the £/.D ^-property (respectively, UDT q - property). 
As can be seen with simple examples, the converse is not true. Indeed, for 
1 < p, q < 00 consider the Banach lattice X Ptq = (@™ =1 £g) e with its natural 
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order. Using a standard sliding hump argument, it can be shown that every 
normalized disjoint sequence in X pq has a subsequence equivalent to the unit 
vector basis of £ p , with uniform constant. Then X PA has both UDS P and UDT P 
properties. On the other hand, in the case q < p, X Pyq has no lattice upper 
r-estimate for r > q, and in the case q > p, X pq has no lattice lower r-estimate 
for r < q. Thus for a Banach lattice X we have that up(X) < £d(X) and 
Ud{X) < low(X), and these inequalities are strict in general. 

In Section 2, we will relate these new properties UDS P and UDT q with Boyd 
indices px and qx in the context of separable rearrangement invariant spaces 
X(I), where I is either N, [0, 1] or [0, oo) (in short, r.i. spaces). Recall that Boyd 
indices play an important role in interpolation problems, that is, the study of 
r.i. function spaces which are between L P (I) and L q (I), in the sense that every 
operator which is bounded in these two spaces, is bounded also on X(I). We 
prove that if / = N or / = [0, oo) and X(I) has {/.DS^-property (respectively, 
[/-DTg-property) , then p < px (respectively, q > qx)- This fact is not true in the 
case of r.i. function spaces on [0, 1] as Proposition 5 below will show. 

Section 3 is devoted to study the connection between ^7DS , p -property and high 
order smoothness of Banach lattices. The smoothness of a space is here un- 
derstood as the existence of bump functions, that is, real valued functions with 
bounded support, endowed with a certain degree of differentiability. In this 
direction, in it is proved that the existence of a bump function which is 
n-times Frechet different iable with the last derivative (jp — n)-H61der continuous 
on a Banach space X, not containing copies of £2k, implies the existence of up- 
per p-estimates in the sequences of the space. Again, since most of r.i. function 
spaces contain £2 this kind of results do not give very precise information on these 
spaces. Our approach here is to consider disjoint sequences in the space. In this 
sense, we prove that if a Banach lattice X does not contain a vector sublattice 
order-isomorphic to £2k and admits a bump function which is n-times Frechet 
differentiable with the last derivative (p — n)-H61der continuous, then X has 
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^D^p-property. Some related results are also obtained. Finally, we investigate 
the best order of smoothness of Lorentz function spaces L Piq . 

2. UDS p , UDT p - PROPERTIES AND BOYD INDICES. 

We first give some definitions. We refer to [21] for details. Recall that if X(I) 
is an r.i. function space on an interval / which is either [0, 1] or [0, oo), the Boyd 
indices px, qx are defined by 

logs logs 
p x = lim qx = hm 



s^oo log \\D S \\ ™ s-*0+ log \\D S \\ ' 

where for each < s < oo, the linear operator D s : X(I) —>■ X(I) is defined by: 

(1) In the case of I = [0, oo), for a measurable function / on J: 

(DJ)(t) = f(t/s), 0<t<oo 

(2) In the case of I = [0, 1], for a measurable / on I : 

(DJ)(t) = f{t/s) X[ 0,min{l,s}], , < t < 1. 

The Boyd indices can be also defined for r.i. spaces on the integers. In this case 
the operators D s are defined only if s is an integer or the reciprocal of an integer. 
If / = (ai, a 2 , • • • , ) and n = 1, 2, . . . we consider : 

D n f = (ax, . . . ,ai,a 2 , . . . ,a 2 , . • •) 

n 2n 



Di/nf = n 1 J^ai, 



CLi, . . . 

i=l i=n+l 

The indices px and qx are defined as above by taking the limits only over s = n 
(respectively, s — 1/n), n — 1,2, ■ ■ ■ . 

Now consider X(N) a separable r.i. space on N. Note that in these spaces the 
basis {e n } = {x{n}} is a symmetric sequence, and therefore such spaces coincide 
with spaces having symmetric basis. We have: 

Proposition 1. Let X(N) be a separable r.i. space on N and let 1 < p, q < oo. 

(1) If X(N) has UDSp-property, then p < px- 

(2) If X(N) has UDT q -property, then q > qx- 
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Proof. We give the proof in the case of upper estimates; the result for lower 
estimates is obtained in an analogous way. 

Consider e n = X{n} for all n G N. Since the space has t/DS'p-property, there is 
a constant C > such that each normalized disjoint sequence in X(N) admits a 
subsequence with an upper p-estimate with constant C . Let x = aiei+- • -+a k e k G 
X(N) with ||x|| = 1. Then, 

D n (x) =a 1 (e 1 -\ h e n ) H h a k (e (n ^ 1)k+1 H h e nk ) — x±-\ V x n 

where 

x 1 = a x e\ + a 2 e n+1 H h a k e n(k „i )+1 

x n = a\e n + a 2 e2n + • • • + a> k e kn 
and llsxll = ■■■ = ||x n || = 1 . Consider now, x n+i = aie( n+i _i) k+ i + ••■ + 
a k e(n + i-i) k+k for i = 1, 2, The sequence {x n }™ =1 is normalized and disjoint 

and therefore it admits a subsequence {i„J™ =1 with an upper p-estimate with 
constant C. Thus, 

\\x kl + ••• + x kn \\ <Cn 1/p 

and consequently, 

||xi H hx n || = \\x kl H h || < Cn 1/p 

Thus, ||-Dn^|| < Cn l l p where C is independent of n. Now, since the space is 
separable, sequences with finite support are dense in the space, and therefore for 
every n G N we have ||-D n || < Cn 1 ^. It is easy to check now that 

logn 

p x = lim - — — — - > p 

n-fco log \\D n \\ 

as we required. □ 

Now we would like to recall that, if a Banach lattice X does not contain a 
vector sublattice order-isomorphic to £1, then every normalized disjoint sequence 
in X is weakly null. This is a consequence (taking positive and negative parts) 
of the following well-known result, which will be useful along the paper. For a 
proof, see e.g pQ, Theorem 14.21. 
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Proposition 2. Let {x n }^ =1 be a normalized disjoint sequence of positive vectors 
in a Banach lattice X . The following are equivalent: 

(1) {x n } c ^ =1 is not weakly null. 

(2) {x n }™=i contains a subsequence equivalent to the unit vector basis of l\. 

Suppose now that X(N) is a separable r.i. space on N, not containing any 
vector sublattice order- isomorphic to £\. Then every normalized disjoint sequence 
is weakly null and, conversely, every weakly null normalized sequence is equivalent 
to a disjoint sequence. On the other hand, by [TH], if the space has ^-property 
then there is a constant C > such that every weakly null sequence has a 
subsequence with an upper p-estimate with the same constant C. Therefore in 
this case S^-property and L/.DS'p-property coincide, and £d(X) coincides with the 
index £{X) = sup{p > 1; X has S p — property} introduced in ^H]. That is, 
we have in this case £{X) = £d(X) < px- In some cases we have equality. For 
example, if X = £m is a separable Orlicz sequence space with 1 < px < qx < oo, 
it is shown in jHj that £{£m) — a x = Px (see also [21 J Proposition 2.b.5). In 
general, px is strictly larger than £(X), as the following example shows. 

Recall that for 1 < p, q < oo the Lorentz sequence space X = £ VA is defined as 
the space of all sequences {a n } c £ =1 for which 

1/9 



i a n) n= l \\p,q 



J2«) 9 (n 9/P - (n - l) q/p ) < oo 



v n=l 



where {a*}^ is the decreasing rearrangement of {lonl}^. 

Example 1. For 1 < q < p < oo, the Lorentz sequence space X = i VA satisfies 
£(X)=£ d (X) = q<p = p x . 

Proof. In the case l<g<p<oowe have that the Lorentz space £ PtQ coincides 
with the Lorentz sequence space d(w ; q) with weights w n = n q / p — {n — l) q ^ p , and 
it is reflexive (see Pg- 178). In particular, it does not contain any copy of £\. 
An easy computation shows that in these spaces ||-D n || = n l l p for each integer n. 
Consequently both Boyd indices coincide with p, that is, px = qx = P- On the 
other hand, as shown in [T3j, £(d(w; q)) = q. □ 
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Now we turn to the case of separable r.i. function spaces on an infinite interval 
X[0,oo). 

Proposition 3. Let X[0,oo) be a separable r.i. function space on [0, oo) , and 

consider 1 < p, q < oo. 

(1) If X[0, oo) has UDSp-property, then p < p X - 

(2) If X[0, oo) has UDT q -property, then q>qx- 

Proof. We will prove (1), and (2) is analogous. Assume that X[0, oo) has UDS P - 
property with constant C > 0. First of all, since X[0, oo) is a separable r.i. 
function space, step functions are dense on X[0, oo) and therefore, it is enough 
to show that there is a constant R > such that 

\\D 8 (f)\\ <Rs 1/p if s>l 

for every norm-one step function /. 

Now let / = Ya=i *iX[ui-i,ui)» where = u < m < ■ ■ ■ < u m = r, with 
= I. We consider for all k E N, 



fn ^ ^ / ^iX[(n— l)r+«j_i,(n— l)r+Uj) 
i=l 

Then, the sequence {/ n }^i constructed in such a way is normalized and disjoint, 
and therefore it admits a subsequence {fn k }kLi with an upper p-estimate. Thus, 

\\fn 1 + --- + fnJ<Ck 1 ^ 

and 

+ - " + /fc|| = ll/n 1 + -" + /nJ| <CkV p 

Moreover, with a suitable automorphism a of [0, oo) we have that f\ + • — h f\ = 
g o a where 

9 — ^lX[0,fcui) + ^2X[fcui,fctt 2 ) + 1" ^mX[fctt m _i,fctt m )- 

Now g = D k f since 

(D k f)(t) = f(t/k). 
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Thus, 

(D k f)(kx) = f(kx/k) = f(x) 

and 

\\9\\ = \\Dkf\\ = \\fi + h + -" + fk\\<Ck 1 ' p 
for all fceH. As a consequence, 

\\D k f\\ < Ck 1 '? 

for all fceN. Next, if s > 1, there is an integer k such that k < s < k + 1. Since 
-Ds/ < D k +\f we have that 



C(^i) 1 /pfc 1 /p||/|| < C2 1 / p s 1/p 

rC 

Therefore, there is a constant R > such that 

for any step function / with ||/|| = 1. 
Now, it is easy to check that: 

p X = llHl — — r > p 

s^co log \\L> S \\ 

as we required. □ 
As a consequence, we obtain: 

Corollary 1. Let X[0,oo) be a separable r.i. function space. Then: 

(1) up(x) < e d (x) < p x - 

(2) low(X) > u d {X) > q x . 

For separable Orlicz function spaces X = L M [0, oo) we obtain equalities above. 
Indeed, it is shown in j^I] (Proposition 2.b.5) that in this case px = up(X) and 
qx = low(X). 

On the other hand, in the case of separable Orlicz function spaces Lm[0, oo), it 
is possible to obtain the following characterization of UDS P and UDT q properties 
in terms of the Orlicz function M: 
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Proposition 4. Let L M [0, oo) be a separable Orlicz function space. The following 
statements are equivalent: 

(1) L M [0, oo) has UDSp-property (respectively, UDT q -property). 
(2) 

. . M(Xt) M(Xt) , 

mi - — t^t > (resp. sup - - - . , < oo) 
i>o,A>i \PM(t) t>o,x>i \ q M(t) ' 

Proof. We prove the result concerning the [/.DSp-property. The proof for UDT q - 
property is analogous. Proceeding as in the proof of Proposition 3, we have that 
there is a constant R > such that ||-D S || < Rs 1 ^. In particular, if u > for 

/ = X[o,u/s] we have: 

||X[0, M ]|| < ^ 1/p ||x[o,«/ s ]|| 
We now proceed now as in |21 3 (pg. 139). Let u > and s > 1 be fixed; since 

M-H-) 1 



* u \\X[0,u]W 

we have: 

M" 1 ( -) = - 1 „ < Rs 1 ^— = Rs^M-\-). 
\uJ \\X[0,u/s]\\ X[o,u] u 

By taking: t = M _1 (i) and A = Rs 1/p , it follows that if t > and A > R: 

M(Xt) > s/u = M(t)\*±- p 



and therefore, 



• r M(Xt) 

mf t-tttt > 
t>0,A>l M(t)\P 



as we required. 

In order to prove that (2) implies (1), by using [21] (see pg. 140) we obtain 
that if: 

mf / > 

t>0,A>l M(t)\P 

then the space L M [0, oo) has an upper p-estimate, and consequently it has UDS P - 
property. □ 
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Now we give an application, taking into account that, for 1 < p, q < oo 
the function spaces L p [0, oo) fi L q [0, oo) and L p [0,oo) + L g [0, oo) can be des- 
cribed as Orlicz spaces. Namely, we have that L p [0, oo) fl L g [0, oo) = Lm[0, oo), 
where M{t) = min{t p ,t q } and L p [0,oo) +L 9 [0,oo) = L Af [0,oo), where M(t) = 
max{i p ,t 9 }. Therefore, with a simple calculation we obtain: 

Corollary 2. Let 1 < p, q < oo. Then, 

(i) The spaces L p [0, oo) fl LjO,oo) and L p [0, oo) + Lj0,oo) have UDS r - 
property if and only if r < min{p, q}. 

(ii) The spaces L p [0, oo) fl L q [0, oo) and L p [0, oo) + L g [0,oo) have UDT r - 
property if and only if r > max{p, q}. 

To finish this section, we see that the situation is quite different in the case of 
r.i. function spaces on the interval [0, 1]. First recall that, if 1 < p, q < oo and / 
is either [0, 1] or [0, oo), the Lorentz space L M (I) is the space of all measurable 
functions f on I for which 



\J i / 

where /* denotes the decreasing rearrangement of /. We are grateful to E. 
Semenov for kindly providing us the following result. 

Proposition 5. Let 1 < p, q < oo, and consider the space X = L M [0, 1]. Then: 

(1) X has Boyd indices px = Qx = V- 

(2) X satisfies that up(X) = min{p, q} and low(X) = max{p, q}. 

(3) X has both UDS q and UDT q -properties, and therefore 



Proof. For (1) we refer to |3] and 0j; and (2) can be seen in 0. Now we pass to 
(3). For the case 1 < q < p < oo, it is proved in [T3] (see Theorem 5.1) that, for 
each e > 0, every disjoint normalized sequence in L Ptq [0, 1] admits a subsequence 
which is (1 — e) ^-equivalent to the unit vector basis of £ g . Consequently, such 
space verifies UDS q and UDT q properties. On the other hand, for the case 




£ d (X) = u d {X) = q. 
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l<g<p<ooitis proved in [S] (see the proof of Theorem 1), that there is a 
constant C > 0, only depending on p and q, in such a way that for each e > 0, 
every normalized disjoint sequence in L p>q [0, 1] admits an upper p-estimate with 
constant C = 1 — 2e. Consequently, the space has UD S q -property. Moreover, the 
space admits a lattice lower g-estimate with constant q. Consequently, L p>q [0, 1] 
admits UDS q and UDT q properties. 

□ 

3. Impact of high order of smoothness on upper estimates. 

Let 1 < p < oo and let iV be the greatest integer strictly less than p. According 
to [22], a real valued function : X — > K is said to be UH p -smooth if it is iV-times 
Frechet differentiate and there is a constant C > such that if x, y G X , 

U {N \x)-<P {N \y)\\<C\\x-y\r N . 

As usual, we say that the space X is [7iJ p -smooth if there is a [/iY p -smooth 
function on X with bounded nonempty support. 

In the case of separable r.i. spaces A(N), the smoothness of the space has a 
great impact on its structure as a Banach lattice. More precisely, we have: 

Theorem 1. Let 1 < p < oo and let X be a Banach space with a symmetric 
basis, not isomorphic to £ 2 k for fceN. If X is UH P -smooth then it has a lattice 
upper p- estimate. 

This result does not hold in the general case of Banach lattices, as the example 
X = (®^° =1 PI ) t& shows (see |17j . Remark 1.6). In order to obtain a variant 
of Theorem above for Banach lattices, we study the relationship of high order 
smoothness of the space with the property UDS P introduced in the previous 
section. We use analogous techniques as those used in [T3]. We say that a 
sequence {x n }^ =l is "Pjv-null for some integer N, if lim^oo P(x n ) = for every 
homogeneous polynomial on X of degree at most N. 
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Theorem 2. Let 1 < p < oo and let X be a UH P -smooth Banach lattice. Then, 
there is a constant C > such that, if {x n }™ =1 is a weakly null, normalized and 
disjoint sequence in X , either 

(1) {x n }^ =1 has a subsequence equivalent to the basis o/^fe with 2k < p, or 

(2) {x n }^ =1 has a subsequence with an upper p- estimate with constant C . 

Proof. Let N be the greatest integer strictly less than p. Let <ft be a U if p -smooth 
function on X verifying that 0(0) = and <f)(x) = 2 for \\x\\ > 1 (this is always 
possible composing with a suitable smooth real function). Consider M > such 
that: 

\\4>W(x)-<l>W(y)\\<M\\x-y\\*- N 
for x,y G X. Let {i n }^° =1 be a weakly null normalized disjoint sequence in X. 
Two cases may be given: 

(1) The sequence {x n }™ =1 is not P/v-null. Then let r be the minimum of all 
k G N such that {x n }^ =l is not Pfc-null, and note that 1 < r < N < p. 
Since the sequence {x n }^ =1 is unconditional, by Proposition 1.9 in [T3] 
it admits a subsequence with a lower r-estimate. On the other hand, 
by Proposition 1.1. in ^3], there exists a subsequence with an upper r- 
estimate, and consequently it is equivalent to the unit vector basis of £ r . 
Since X is ?7iJ p -smooth and contains £ r , then r must be an even integer 
r = 2k (see e.g. j2j). Therefore, the subsequence is equivalent to the unit 
vector basis of tik with 2k < N. 

(2) The sequence {x n }^L 1 is PAr-null. Proceeding as in Proposition 1.1. in 
[To] we obtain a subsequence {x rii }fi l verifying: 

k k 
i=l i=l 

for all ai, . . . , a fc G M and G N. From this we deduce that {x n } c ^ =1 has 
a subsequence with an upper p-estimate with constant C = M x l p . 

□ 

As a consequence we obtain the following: 
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Corollary 3. Let 1 < p < oo and let X be a Banach lattice not containing any 
vector sublattice order-is omorphic to £ 2 k for 2k < p. If X is UH P -smooth then it 
has UDSp-property. 

Proof. Since X is t/fP-smooth, it is super-reflexive (see e.g. Theorem V.3.2), 
and in particular it contains no copy of £\. Now by Proposition 2, every norma- 
lized disjoint sequence in X is weakly null, and Theorem 2 applies. □ 

Note that in the above corollary we cannot avoid the requirement for X of not 
containing a disjoint sequence equivalent to the usual basis of £ 2 k- Indeed, for 
X = L2fc(/i), with k G N, we have that X is [/if p -smooth for every p > 1 but X 
has L/.DS'p-property only for p <2k. 

Corollary 4. Let X be a Banach lattice. If the index td{X) is not an even 
integer, then the space is not UH q -smooth for q > £d(X). 

Proof. Assume the contrary. Suppose that £d{X) is not an even integer and 
consider 1 < p < £d(X) < q < oo in such a way that the interval [p, q] does not 
contain any even integer, and X is [/if 9 -smooth. Let {x n }^ =l be a normalized 
disjoint sequence in X. Since X has UD S p -property, there exists a subsequence 
with an upper p-estimate. Then, {x n }^ =1 has no subsequence equivalent to the 
usual basis of l^k with 2k < p. As in Corollary 3, since X is [/if ^-smooth it 
contains no copy of £i, and by Proposition 2 we have that {xn}^^ is weakly 
null. Consequently, by Theorem 2 there is a C > such that {i„}~ =1 has a 
subsequence with an upper g-estimate with a constant C. Then, the space has 
{/-DSg-property, which is a contradiction. 

□ 

In [TB| it is proved that for Orlicz spaces £m, Lm[0, 1] and Lm[0,oo), the 
smoothness properties of the space depend on the Boyd indices. In the case 
of r.i. function spaces on [0, oo), by using the results obtained in the previous 
section, we obtain an estimate of the smoothness in terms of the corresponding 
Boyd index: 
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Corollary 5. Let 1 < p < oo and let X[0, oo) &e a separable r.i. function 
space not containing any vector sublattice order-is omorphic to £ 2 k for 2k < p. If 
X[0, oo) is UH P -smooth then p < px- 

In [2T| it is proved that if X is a r.i. function space on / = [0, oo), then for 
every 1 < p < px and qx < q < oo, we have: 

L p (I) n L q {I) C X(I) C L p (I) + L q (I) 

with the inclusion maps being continuous. The converse of this result is not true 
in general. As an application of Theorem 2 we may obtain the following result: 

Proposition 6. Let 1 < p < oo. 

(1) Suppose that X(N) C i v with continuous inclusion, and X(N) is not iso- 
morphic to 0.2k f or 2k < p. Then X(N) is not U H r -smooth for r > p. 

(2) Suppose that X[0, oo) C L p [0,oo) + L g [0, oo) with continuous inclusion, 
and X[0, oo) does not contain any vector sublattice order-is omorphic to £ 2 k 
for2k < m&x{p,q}. Then X[0, oo) is not UH r -smooth for r > m&x{p,q}. 

Proof. (1) Note first that X(N) C £ p with continuous inclusion, means that the 
basis {en}^^ of X(N) has a lower p-estimate. Assume that X(N) is [/if-smooth 
with p < r < [p] + 1. Since the basis {e n }^ =1 is equivalent to all of its subse- 
quences, by Theorem 2 we obtain that {e n }^ 1 L 1 has an upper r-estimate, and this 
is not possible. 

(2) Suppose for example that p < q, and suppose that X[0, oo) is ?7if r -smooth 
for r > q. Consider the sequence /„ = X[n,n+i) i n -^"[0, oo). In the space L P [Q, oo) + 
L q [0, oo), the sequence {/ n }^i is equivalent to the unit vector basis of £ q . Then 
there exists some C > such that 

oo oo 

C(J2K\ q ) 1/q < \\J2 a nfn\\x- 

n=l n=l 

This means that {f n }^Li admits a lower g-estimate and consequently {f n }%Li 
does not admit any upper r-estimate for r > q. This is a contradiction by 
Theorem 2. 

□ 
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A similar result is the following. 

Proposition 7. Let 1 < p < q < oo and suppose that the interval [p, q] does not 
contain any even integer. 

(1) If X(N) is a r.i. space and i p C X(N) C £ q with continuous inclusions, 
then X(N) is not U H r -smooth for r > q. 

(2) If X[0, oo) is a r.i. function space and L p [0, oo) PI L q [0, oo) C X[0, oo) C 
L p [0, oo) + L q [0, oo) with continuous inclusions, then X[0, oo) is not UH r - 
smooth for r > q. 

Proof. (1) Suppose that X(N) is [/if r -smooth for r > q. Note that since l p C 
C £ q with continuous inclusions, we have that the symmetric basis {e n }^ =1 
of has both an upper p-estimate and a lower g-estimate. Since [p,q] does 

not contain any even integer, {e n }^ =1 has no subsequence equivalent to the usual 
basis of £.2k for any k G N. Therefore, we obtain a contradiction from Theorem 2. 

(2) Suppose that X[0, oo) is [/if r -smooth for r > q. Consider the sequence 
fn = X[n,n+i) in X[0, oo). In the space L p [0, oo) +L 9 [0, oo), the sequence {f n }n=i 
is equivalent to the unit vector basis of £ q , and in the space L p [0, oo) R L q [0, oo), 
the sequence {f n }^Li is equivalent to the unit vector basis of £ p . Therefore there 
exist C, D > such that: 

CO OO CO 

n=l n=l n=l 

That is, {fn}^=i has both an upper p-estimate and a lower q estimate and, as 
before, we obtain a contradiction with Theorem 2. □ 

In the sequel we investigate the smoothness properties of the Lorentz function 
spaces. The result for Lorentz sequence spaces was already obtained in [T7j . 

Proposition 8. Let 1 < p ^ q < oo. 

(1) The Lorentz sequence space £ P)q and the Lorentz function space L P)q [0, oo) 
are not UH r -smooth if r > min-Jjo, q}. 

(2) The Lorentz space L Ptq [0, 1] is not U H r -smooth if r > q. 
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Proof. Since i PA is isometric to a sublattice of L Ptq [0, oo), by [T7] it follows that 
these spaces are not ?7if r -smooth if r > min-Jjo, q}. 

For L p>q [0, 1], it follows from [Hj that every disjoint normalized sequence has a 
subsequence which is equivalent to the unit vector basis of £ q . In the case that 
q is not an even integer the result follows by using that i q is not C/i7 r -smooth if 
r > q (see e.g. |2J. 

Otherwise, let q be an even integer and assume that the space is UH ^-smooth. 
We now prove that L Piq [0, 1] is saturated with subspaces of cotype q, that is, 
every infinite dimensional subspace of L P)q [0, 1] contains an infinite dimensional 
subspace with cotype q. Indeed, let X be an arbitrary infinite dimensional sub- 
space of L P! q[0, 1] and choose {f n }^=i a weakly null normalized sequence in X, 
which contains no norm convergent subsequence. This is always possible since 
L M [0, 1] is super-reflexive. By using an idea of Rabiger (see [23]) one can easily 
prove that passing to a subsequence {/ n }^i either has a lower 2-estimate or it 
is equivalent to a disjoint sequence. In the first case, proceeding as in [TH] we 
obtain that the sequence {/ n }^i (passing to a subsequence if necessary) has also 
an upper 2-estimate; therefore such a sequence is equivalent to the unit vector 
basis of £2 and generates a subspace with cotype q. In the second case, if the 
sequence is disjoint, by fig\ it has a subsequence equivalent to the unit vector basis 
of l q . Since £ q has cotype q the result follows also in this case. Now, according 
to the space L Ptq [0, 1] has a separating polynomial. This is not possible, since 
by the only r.i. function spaces X[0, 1] which admit a separating polynomial 
are the spaces -^[0, 1] up to an equivalent norm. □ 
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